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Chiral Quark Soliton Model

Dirac Operator in Chiral Quark Soliton Model

L2(R3;C4)⊗ C2 : Hilbert space of state,

H0 = −iα · ∇ : Free Dirac operator,

HCQSM := H0 ⊗ IC2 +M(β ⊗ IC2)UF

UF := cosF (x) + iγ5 ⊗ (σ · n(x)) sinF (x)

γ5 := −iα1α2α3

(
=

(
1 0
0 −1

))
n = (n1(x), n2(x), n3(x)) : R3 → R3 s,t, (n1(x), n2(x)) ̸= 0
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Super Symmetric Aspects

SUSY QM

H : Hilbert space, H, Q : Self-adjoint operator on H ,
Γ : Unitary operator on H . If H , H, Q and Γsatisfies

Γ2 = IH , H = Q2, {Γ, Q} = 0 (1)

we call quadruplet[H ,H,Q,Γ] as Supersymmetric Quantum

Mechanics .

Supersymmetric aspects of CQSM

We define

ξ(x) =
σ1n2(x)− σ2n1(x)√

n1(x)2 + n2(x)2
, and Γ(x) := α1α2α3⊗ξ(x), (x ∈ R3).

[L2(R3;C4)⊗ C2,H2
CQSM,HCQSM,Γ(x)] is SUSY QM.
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Spectral Property of CQSM

Spectral structure of CQSM

Suppose lim
|x|→∞

F (x) = 0, then,

σess(HCQSM) = (−∞,−M ] ∪ [M,∞), σp(HCQSM) ⊂ (−M,M).

VF (x) :=

√√√√|∇F (x)|2 +
3∑

k=1

|∇nk(x)|2 sin2 F (x), x ∈ R3

CF :=

∫ ∫
R3×R3

VF (x)VF (y)

|x− y|
dxdy < ∞

NH : Number of discrete eigenvalues counting multiplicities.

NH ≤ M2CF

2π2
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Boson and Fermion part of H

[H ,H,Q,Γ] : SUSY QM
H+ := ker(Γ− 1), H− := ker(Γ + 1), H = H+ ⊕ H−

D(Q±) := D(Q) ∩ H±, Q± := Q
∣∣∣
D(Q±)

.

Q :=

(
0 Q∗

Q 0

)
, D(Q) = D(Q+)⊕ D(Q−)

Witten Index

If Q is Fredholm operator, we can define analytical index of Q as
∆W(Q) := dimkerQ− dimkerQ∗.
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Boson and Fermion part of H

[L2(R3;C4),H2
CQSM,HCQSM,Γ] : SUSY QM of CQSM

L2(R3;C4)+ := ker(Γ− 1), L2(R3;C4)− := ker(Γ + 1),

L2(R3;C4) = L2(R3;C4)+ ⊕ L2(R3;C4)−

D(HCQSM,±) := D(HCQSM) ∩ H±,

HCQSM,± := HCQSM

∣∣∣
D(HCQSM,±)

.

Witten Index

From the spectral structure , HCQSM is Fredholm oprator :
∆W(HCQSM) := dimkerHCQSM,+ − dimkerH∗

CQSM,+.
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Trace Formula of Index

Let [H ,H,Q,Γ] be a Supersymmetric Quantum Mechanics. We
have two formula in order to calculate index :

(1) If there exists β > 0 such that e−βH is trace class, then,
∆W(Q) = Tr(Γe−βH).

(2) If there exists z ∈ C\[0,∞) such that (H − z)−1 is trace
class, then,

∆W(Q) = −zTr(Γ(H − z)−1).

However. . .
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Trace Formula of Index

Let [H ,H,Q,Γ] be a Supersymmetric Quantum Mechanics. We
have two formula in order to calculate index :

(1) If there exists β > 0 such that e−βH is trace class, then,
∆W(Q) = Tr(Γe−βH).

(2) If there exists z ∈ C\[0,∞) such that (H − z)−1 is trace
class, then,

∆W(Q) = −zTr(Γ(H − z)−1).

However . . . , there are no β > 0 and z ∈ C\[0,∞) which satisfies
assumption of formula for HCQSM.
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Let’s recall Hamiltonian of This model :

HCQSM := H0 ⊗ IC2 +M(β ⊗ IC2)UF ,

UF = cosF (x) + iγ5 ⊗ (σ · n(x)) sinF (x).

If F and n satisfies

F (x) = F (|x|), n(x) = n(|x|), (x ∈ R3),

then HCQSM depends only radial direction.
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Let’s recall Hamiltonian of This model :

HCQSM := H0 ⊗ IC2 +M(β ⊗ IC2)UF ,

UF = cosF (x) + iγ5 ⊗ (σ · n(x)) sinF (x).

If F and n satisfies

F (x) = F (|x|), n(x) = n(|x|), (x ∈ R3),

then HCQSM depends only radial direction.
→ Use polar coordinate
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Polar Coordinate of Hilbert Space and Radial Dirac Operator

L2(R3, dx;C4)⊗ C2

∼= L2((0,∞), r2dr)⊗ C2 ⊗ L2(S2, sin θdθ ⊗ dϕ)⊗ C4

Hr
CQSM =H0 ⊗ I2 +M(β ⊗ I2)UF (r)

=

(
M cosF (r) − ∂

∂r +
κ
r

∂
∂r +

κ
r −M cosF (r)

)
⊗ I2

+

(
M sinF (r) 0

0 −M sinF (r)

)
⊗ (σ · n)

Absolutely Continuous Spectrum(O.2019)

σess(H
r
CQSM) is purely absolutely continuous.
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