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Chiral Quark Soliton Model

Dirac Operator in Chiral Quark Soliton Model

m L2(R3;C*) ® C? : Hilbert space of state,
B Hy = —i«a - V : Free Dirac operator,

HCQSM = Hy® I(cz + M(ﬁ ® I(CQ)UF

m Up :=cos F(z) + iy ® (0 - n(z))sin F(x)

. 1 0
B 75 = —1(1 0003 <= (0 _1>)

B n=(ni(x),n2(z),n3(x)) : R? = R3st, (n1(z),n2(z)) #0
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Super Symmetric Aspects

SUSY QM

¢ : Hilbert space, H, @ : Self-adjoint operator on 77,
I" : Unitary operator on 7. If 77, H, (Q and I'satisfies

F2:ij7 H:Q27 {FaQ}:O (1)
we call quadruplet[77, H, ), T'] as Supersymmetric Quantum
Mechanics .

Supersymmetric aspects of CQSM

We define
£() = oing(x) — oani(x)

Vni(z)2 4 na(x)?2’

[LZ(R?’; (C4) & (C2, H%QSM? Hcqsw, F(:C)] is SUSY QM.

andI'(z) := ayana3®€(x), (x € R3).
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Spectral Property of CQSM

Spectral structure of CQSM
Suppose lim F(z) =0, then,

|z|—00

Uess(HCQSM) = (—OO, —M] U [M, OO), O'p(HCQSM) C (—M, M)

Vr(z) := \IVF ]2+Z]Vnk )|2sin? F(z), zeR3

Cr _// s )dxdy<oo
R3xR3 ]x—y\

Npg : Number of discrete eigenvalues counting multiplicities.
M?Cp
Ny <
A= "9
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Boson and Fermion part of 77

[(2¢,H,Q,T] : SUSY QM
H =ker(' = 1), A =ker(I'+1), H =t ¢

2(Qs) = 2(Q)N He, Qu = Q‘@(Qi).

2=(g 7). 2@=-2@ne2@)

Witten Index

If @ is Fredholm operator, we can define analytical index of Q) as
Aw(Q) := dimker @ — dim ker Q*.
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Boson and Fermion part of 7

[L*(R?; C*), HEgsm: Hogsm, T] - SUSY QM of CQSM
L*(R3;CY), :=ker(T' — 1), L*R3C*)_ :=ker(I'+1),

L2(R3;C*Y = L2(R3?; CY) ;. @ L?(R3, C*)_
+

P(Hcqsm,+) = Z(Heqsm) N s,

Hogsm,+ = He SM‘ ;
R ° 2(Hcqsm,+)

Witten Index

From the spectral structure , Hcqswm is Fredholm oprator :
Aw (Hcqsm) := dimker Hogsm,+ — dim ker Héggy -
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Trace Formula of Index

Let [27, H,Q,T'] be a Supersymmetric Quantum Mechanics. We
have two formula in order to calculate index :

(1) If there exists 3 > 0 such that e=## is trace class, then,
Aw(Q) = Tr(Te PH).

(2) If there exists z € C\[0, o0) such that (H — z)~! is trace
class, then,
Aw(Q) = —2Te(T(H — 2)7).

However. . .
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Trace Formula of Index

Let [7, H,Q,T] be a Supersymmetric Quantum Mechanics. We
have two formula in order to calculate index :

|
(1) If there exists 3 > 0 such that e=#H is trace class, then,
Aw(Q) = Te(Te 1),

(2) If there exists z € C\[0, c0) such that (H — z)~! is trace
class, then,
Aw(Q) = —2Tx(D(H — 2)71).

However ... ,there are no § > 0 and z € C\[0, co) which satisfies
assumption of formula for Hcogsw.
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Use the assumptions in "Multi-Soliton Solutions with Discrete
Symmetries in the Chiral Quark Soliton Model ".
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Let’s recall Hamiltonian of This model :
Hogsm == Hy ® Iz + M(ﬂ ® I(C2)UF,
Up = cos F(z) + i @ (o - n(z)) sin F(x).

If F' and n satisfies
F(z)=F(lz|),  n(z)=n(z]), (zeR?),

then Hcoqsm depends only radial direction.
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Let’s recall Hamiltonian of This model :
Hogsm == Hy ® Iz + M ® I(C2)UF,
Ur = cos F(z) 4+ iv5 ® (o - n(x)) sin F(z).
If " and n satisfies
F(z)=F(|z]), n(z) =n(z]), (zeR?),

then Hcoqsm depends only radial direction.
— Use polar coordinate
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Polar Coordinate of Hilbert Space and Radial Dirac Operator

L*(R3,dz; C*) ® C2
>~ L2((0, 00), r2dr) ® C? @ L?(S?,sin0df ® d¢) ® C*

Hogsm =Ho ® I + M (B8 ® I2)Ur(r)

_ (McosF(r) —%—l—%
_< 24+ 5  —McosF(r) @1
M sin F(r) 0
( 0 —M sin F(r)) ®(o-n)

Absolutely Continuous Spectrum(0.2019)

Uess(HEQSM) is purely absolutely continuous.
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